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TRACE IDEALS AND CENTERS OF ENDOMORPHISM RINGS
OF MODULES OVER COMMUTATIVE RINGS
HAYDEE LINDO
Abstract. Let R be a commutative Noetherian ring and M a finitely gen-
erated R-module. Under various hypotheses, it is proved that the center of
EndR(M) coincides with the endomorphism ring of the trace ideal ofM . These
results are exploited to establish results for balanced and rigid modules, and
to settle certain cases of a conjecture of Huneke and Wiegand.
1. Introduction
Let R be a commutative ring andM a finitely generated R-module. The trace ideal
of M , denoted τM (R), is the ideal
∑
α(M) as α ranges over M∗ := HomR(M,R).
We are interested in the connection between the properties of M and those of
τM (R). For special classes of modules the corresponding trace ideals demonstrate
remarkable properties. For example, a finitely generated ideal is the trace ideal of
a projective module if and only if it is idempotent, and τM (R) = R if and only
if every finitely generated R-module is a homomorphic image of a direct sum of
copies of M ; see [9], [19] and Section 2.
This work was motivated by hints in the literature about the relationship between
τM (R) and the center of EndR(M). In [1], Auslander and Goldman show that when
τM (R) = R, each endomorphism in the center of EndR(M) is given by multiplica-
tion by a unique ring element (see also [7, Exercise 95]). That is, Z(EndR(M)) = R.
Two of our central results clarify this connection, first in the case whenM is reflexive
and faithful and second in the case where τM (R) has positive grade; see Theorems
3.9 and 3.21. In both cases, EndR(τM (R)) equals the center of the endomorphism
ring of an associated module (when the rings are viewed as subrings of the total
ring of quotients); see Corollaries 3.17 and 3.24.
Theorem. Let R be a Noetherian ring and M a finitely generated R-module.
(i) If M is reflexive and faithful, then there is a canonical isomorphism
of R-algebras
EndR(τM (R)) ∼= Z(EndR(M))
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(ii) If τM (R) has positive grade, then there are canonical isomorphisms of R-
algebras
EndR(τM (R)) ∼= EndR(τM∗(R)) ∼= Z(EndR(M
∗)).
These and other results relating Z(EndR(M)) to EndR(τM (R)) are established in
Section 3. The remainder of the paper applies these results in various settings.
Section 4 is concerned with modules that have R-free endomorphism rings. We
extend [16, Theorem 3.1]:
Theorem. Let R be a local Noetherian ring of depth ≤ 1 and M a finitely generated
reflexive R-module. If EndR(M) has a free summand then so does M . Therefore,
EndR(M) is a free R-module only if M is a free R-module.
Sections 5 and 6 apply our results to balanced and rigid modules; these are modules
where Z(EndR(M)) = R and modules such that Ext
1
R(M,M) = 0 respectively. For
example, we prove the result below:
Theorem. Let R be a one-dimensional Gorenstein local ring and M a torsionfree
faithful R-module. If M is rigid and Z(EndR(M)) is Gorenstein, then M has a free
summand.
When M is an ideal, this result has been discovered independently, using different
techniques, by Huneke, Iyengar and Wiegand in [4]. These results support a con-
jecture of Huneke and Wiegand ([6, pgs 473-474]) and we further prove that the
conjecture holds for trace ideals; see Proposition 6.8.
2. Trace Ideals
In this section we collect those observations about trace ideals that are needed
in subsequent sections. Throughout R will be a commutative ring and M an R-
module. Set
M∗ := HomR(M,R),
viewed as an R-module. The trace map is the map
(2.0.1)
ϑM : M ⊗R M
∗ −→ R
m⊗ α 7−→ α(m),
and the image of trace map is the trace ideal of M since
Im(ϑM ) =
{
n∑
i
αi(mi)|αi ∈M
∗,mi ∈M
}
=
∑
α∈M∗
α(M)
= τM (R).
There is a natural evaluation map
εM : M −→ (M
∗)∗
m 7→ {ψ 7→ ψ(m)}
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Definition 2.1. The R-module M is said to be torsionless if εM is an injection,
and reflexive if εM is an isomorphism.
When M is reflexive, Hom-Tensor adjointness yields the isomorphisms:
(2.1.1) HomR(M,M)
∼= //
ϑ
))
HomR(M,M
∗∗)
∼= // HomR(M ⊗R M∗, R)
{f} ✤ // {m 7→ εM (f(m))}
✤ // {m⊗ α 7→ α(f(m))}.
Notice, the trace map is the image of the identity endomorphism, that is
ϑM = ϑ(idM ).
For ease of notation we write ϑf for ϑ(f) given any non-identity f in HomR(M,M),
so that
(2.1.2) ϑf (m⊗ α) := α(f(m))
for any m⊗ α in M ⊗R M
∗.
As suggested in [20], one source of trace ideals is ideals of sufficiently high grade.
Definition 2.2. Let R be a Noetherian ring. The grade of an ideal I ⊆ R, denoted
grade(I), is the common length of the maximal R-sequences contained in I.
Remark 2.3. Grade is often calculated through the vanishing of certain Ext mod-
ules. In particular, using [3, Theorem 1.2.5] one has
grade(I) = min{i|ExtiR(R/I,R) 6= 0}.
Example 2.4. Let R be a commutative Noetherian ring and I an ideal with
grade(I) ≥ 2.
Then τ I(R) = I.
Applying HomR(?, R) to the short exact sequence
0 −→ I −→ R −→ R/I −→ 0
yields an exact sequence
0 −→ HomR(R/I,R) −→ HomR(R,R) −→ HomR(I, R) −→ Ext
1
R(R/I,R).
Since grade(I) ≥ 2
Ext1R(R/I,R) = 0 = HomR(R/I,R)
and so all homomorphisms from I to R are given by multiplication by an element of
R. The images of all such homomorphisms are contained in I; therefore τI(R) = I.
Remark 2.5. We may calculate the trace ideal of a module from its presentation
matrix. Indeed, suppose A is a presentation matrix for a module M and B is a
matrix whose columns generate the kernel of A∗, the transpose of A. Then there
is an equality:
τM (R) = I1(B);
where I1(B) is the ideal generated by the entries of B; see, [18, Remark 3.3].
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The trace ideal of M is the largest ideal (with respect to inclusion) generated by
M in the following sense:
Definition 2.6. Let M and N be R-modules. We say N is generated by M if N
is the homomorphic image of a direct sum of copies of M . Said otherwise, there is
an exact sequence
M (Λ) −→ N −→ 0
for some index set Λ.
An R-module M is a generator for the category of finitely generated R-modules
(denoted R-mod), if M is finitely generated and generates every finitely generated
R-module. Equivalently, M is a generator if R is a direct summand ofMn for some
n ∈ N.
Remark 2.7. M generates τM (R) and M ⊗R N for any R-module N .
In the next proposition we collect the basic properties of trace ideals needed in this
work. Proofs are given for lack of a comprehensive reference.
Proposition 2.8. Let M be a finitely presented R-module. The following hold:
(i) If M generates N , then τM (R) ⊇ τN (R).
(ii) τM⊕N (R) = τM (R) + τN (R);
(iii) τM (R) = R if and only if M generates all finitely generated R-modules.
When R is local, this is equivalent to M having a nonzero free summand;
(iv) I ⊆ τ I(R) for ideals I, with equality when I is a trace ideal;
(v) τM⊗RM∗(R) = τM (R) ⊆ τM∗(R), with equality when M is reflexive;
(vi) EndR(τM (R)) = τM (R)
∗;
(vii) AnnR(τM (R)) = AnnR(M) when M is reflexive. When, in addition, R is
Noetherian and M is faithful, then τM (R) has positive grade;
(viii) τM (R) ⊗R A = τM⊗RA(A) for any finitely presented R-module M and
any commutative flat R-algebra A. In particular, taking the trace ideal
commutes with localization and completion.
Proof. (i): Any R-homomorphism α ∈ N∗ can be composed with the surjection
M (Λ)
γ
−→ N −→ 0
for a given index set Λ. As Im(αγ) ⊇ Im(α) it follows that τN (R) ⊆ τM (R).
(ii): This is clear.
(iii): Suppose M is a generator in R-mod. Then, in particular, M generates R. By
(i), τM (R) ⊇ τR(R) = R.
If τM (R) = R, then by Remark 2.7 M generates R. Since R generates R-mod,
M too is a generator. This argument also works over noncommutative rings; see
[9, Theorem 18.8].
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When R is local, ifM = N⊕R, thenM clearly generates R. Now assume τM (R) =
R. There must exist αi ∈M
∗ and mi ∈M such that
1 =
n∑
i=1
αi(mi).
So at least one αi(mi) is a unit. For such an i, the map αi :M −→ R is surjective
and thus M has a free summand.
(iv): For an ideal I ⊆ R, the inclusion map is an element of I∗ and therefore
I ⊆ τ I(R). In particular τM (R) ⊆ τ τM (R)(R). The reverse inclusion holds because
M generates τM (R); see (i).
(v): Recall that M generates M ⊗RM
∗, and M ⊗RM
∗, in turn, generates τM (R)
(see the map ϑM from 2.0.1), so one has
τM (R) ⊇ τM⊗RM∗(R) by (i)
⊇ ττM (R)(R) by (i)
= τM (R) by (iv)
and τM (R) = τM⊗RM∗(R).
Given that M∗ also generates M ⊗R M
∗ one gets
τM∗(R) ⊇ τM⊗RM∗(R) = τM (R).
When M is reflexive, applying the above to M∗ one has
τM (R) = τM∗∗(R) ⊇ τM∗(R) ⊇ τM (R).
(vi): Given α ∈ τM (R)
∗, one has
Im(α) ⊆ τ τM (R)(R) = τM (R).
It follows that τM (R)
∗
= EndR(τM (R)).
(vii): Given ψ ∈ HomR(M ⊗R M
∗, R), recall that
Im(ψ) ⊆ τM⊗RM∗(R) = τM (R).
This justifies the first of the following equalities,
AnnR(τM (R)) = AnnR(HomR(M ⊗R M
∗, R))
= AnnR(EndR(M)) ∵M is reflexive
= AnnR(M)
Assume, in addition, that R is Noetherian and M is faithful. This implies that
AnnR(τM (R)) = 0, and so τM (R) is not contained in any associated prime of R.
By prime avoidance, τM (R) is not contained in the union of the associated primes
of R. Therefore τM (R) must contain a nonzerodivisor.
(viii): Let λ : R −→ A be a homomorphism of commutative rings with A flat over
R. Since A is flat, the inclusion τM (R) ⊆ R yields the inclusion
0 −→ τM (R)⊗R A −→ R⊗R A = A.
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There are isomorphisms
M ⊗R M
∗ ⊗R A ∼= (M ⊗R A)⊗A (M
∗ ⊗R A)
∼= (M ⊗R A)⊗A HomA(M ⊗R A,R ⊗R A);
where the second isomorphism holds because M is finitely presented.
Let a, b ∈ A, α ∈ M∗ and m ∈ M . Together with the trace maps of M as an
R-module and M ⊗R A as an A-module, we obtain a commutative diagram:
(M ⊗R M
∗)⊗R A
ϑM⊗R1A // // τM (R)⊗R A
_

m⊗R α⊗R ba
✤ // α(m)⊗R ba❴

(M ⊗R A)⊗A (M
∗ ⊗R A)
∼=

∼=
OO
(m⊗R a)⊗A (α⊗R b)
❴
OO
❴

abλ(α(m)) A
(m⊗R a)⊗A b · (α⊗R 1A)
✤ // α(m)⊗R ab
❴
OO
(M ⊗R A)⊗A HomA(M ⊗R A,R⊗R A)
ϑ(M⊗RA) // // τM⊗RA(R ⊗R A)
?
OO
This demonstrates the desired equality as subsets of A:
τM (R)⊗R A = τM⊗RA(A)
The left side representing the extension of the trace ideal of the R-module M , to
the ring A and the right side being the trace ideal of the A-module M ⊗R A. 
3. Centers of Endomorphism Rings
Let R be a commutative ring andM a finitely generated R-module. In what follows,
Z(S) denotes the center of a ring S and Q(S) denotes the total ring of quotients.
We write βR(M) for the minimal number of generators of M .
In Theorem 3.9, the first main result of this section, we construct an R-algebra
isomorphism, σ, between EndR(τM (R)) and Z(EndR(M)) when M is reflexive and
faithful. We call on the properties of the trace ideal from Section 2 as well as results
established over non-commutative rings by Suzuki in [15]. For ease of reference, we
include a proof of Suzuki’s result below.
If M is reflexive, there is a monomorphism from EndR(τM (R)) to EndR(M). In-
deed, one may apply HomR( ? , R) to the exact sequence
(3.0.1) M ⊗R M
∗ ϑM−→ τM (R) −→ 0,
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to obtain the top row of the diagram below.
(3.0.2) 0 // HomR(τM (R), R)
=2.8(vi)

ϑ∗
M // HomR(M ⊗R M∗, R)
ϑ−1 in 2.1.1∼=

EndR(τM (R))
  σ //❴❴❴❴❴❴ EndR(M)
First we will show that the induced map σ is an R-algebra monomorphism with
image in the center of EndR(M). Then we prove that when M is also faithful, σ is
an isomorphism onto the center of EndR(M).
In what follows, we identify each α ∈M∗ with the map α :M −→ τM (R).
Lemma 3.1. Let M be a reflexive R-module. The image of σ in (3.0.2) is the set
{f ∈ EndR(M) : ∃! f˜ s.t. the square below commutes ∀ α ∈M
∗}
M
α

f // M
α

τM (R)
f˜ //❴❴❴ τM (R)
Proof. Let B denote the set defined in the statement.
If f ∈ B, there exists a unique f˜ ∈ EndR(τM (R)) such that for any given m⊗ α ∈
M ⊗R M
∗ as in (2.1.2) and (2.0.1):
ϑ∗M (f˜)(m⊗ α) = f˜ ◦ ϑM (m⊗ α)
= f˜α(m)
= α(f(m))
= ϑf (m⊗ α).
It follows that σ(f˜) = ϑ−1(ϑf ) = f and so f ∈ Im(σ).
On the other hand, say f˜ ∈ EndR(τM (R)). Then
ϑ∗M (f˜) ∈ HomR(M ⊗R M
∗, R)
ϑ−1
−→
∼=
HomR(M,M).
In particular, there exists an f ∈ EndR(M) such that, in the notation established
above, f˜ ◦ ϑM = ϑ
∗
M (f˜) = ϑf . One gets
f˜(α(m)) = f˜ ◦ ϑM (m⊗ α) = ϑf (m⊗ α) = α(f(m))
for all m⊗ α ∈M ⊗R M
∗. That is, the square in the definition of B commutes.
Say α(g(m)) = f˜(α(m)) = α(f(m)) for some other g ∈ HomR(M,M) and all
m⊗R α ∈M ⊗RM
∗. Then α(f(m)− g(m)) = 0 for all α ∈M∗ and m ∈M . Since
M is torsionless f(m) = g(m) for all m ∈ M . Thus f˜ is unique to f . It follows
that Im(σ) ⊆ B 
Proposition 3.2. Let M be a reflexive R-module. The map σ in (3.0.2) is a
monomorphism of R-algebras with Im(σ) ⊆ Z(EndR(M)).
8 HAYDEE LINDO
Proof. Take f ∈ Im(σ), g ∈ EndR(M), m ∈ M and α ∈ M
∗. Since αg ∈ M∗ and
g(m) ∈M , by Lemma 3.1 there exists f˜ ∈ EndR(τM (R)) such that
(αg)(f(m)) = f˜(αg(m)) = (αf)(g(m)).
This shows α(gf(m)−fg(m)) = 0 for all α ∈M∗ and m ∈M . As M is torsionless,
it follows that gf(m) = fg(m) for all m ∈M .
Further, σ is an R-algebra homomorphism; for f˜ , g˜ ∈ EndR(τM (R)):
f˜ g˜ ◦ ϑM (m⊗ α) = f˜ g˜(α(m)) = f˜α(g(m)) = α(fg(m)) = ϑfg(m⊗ α)
That is, σ(f˜ g˜) = fg = σ(f˜ )σ(g˜). 
Corollary 3.3. Let M be a reflexive R-module. Then EndR(τM (R)) is a commu-
tative ring. 
Remark 3.4. Consider an ideal I with grade(I) ≥ 2. As a consequence of Example
2.4, the ring of endomorphisms, EndR(I), is R. However, there do exist ideals for
which EndR(I) is not commutative.
For example, given a field k, the ideal (x, y) in the ring k[x, y]/(xy, y2) has a non-
commutative endomorphism ring. To see this, consider the f, g ∈ EndR(I) with
f(x) = x & f(y) = 0
g(x) = y & g(y) = 0.
Here fg 6= gf .
Given that ideals are typically not reflexive, the preceding corollary and remark
suggest the following:
Question. What are the necessary and sufficient conditions for an ideal to be the
trace ideal of a reflexive module?
Now we construct σ−1.
The definition below and the result that follows are from Suzuki [15]. For ease of
reference, we include a proof of the theorem.
Definition 3.5. Let M and U be R-modules. We say M is U -torsionless if for
every nonzero m ∈M , there exists α ∈ HomR(M,U) with α(m) 6= 0. Equivalently
the natural map
M −→ HomR(HomR(M,U), U)
is injective.
Remark 3.6. If M generates U , then every element u ∈ U may be written
u =
∑
φi(mi)
for some mi ∈M and φi ∈ HomR(M,U).
Given q ∈ Q := Z(EndR(M)), we hope to define an element q¯ ∈ Q¯ := Z(EndR(U))
as follows:
q¯(u) = q¯
(∑
φi(mi)
)
=
∑
φi(q(mi)),
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and to define a map
σ′ : Z(EndR(M)) // Z(EndR(U))
by q 7→ q¯.
The Theorem below, which combines Theorem 1 and Lemmas 2 and 3 from [15],
establishes one case in which this map is well-defined.
Theorem 3.7. Let M and U be R-modules. If M generates U and U is M -
torsionless then the map defined in Remark 3.6,
σ′ : Z(EndR(M)) −→ Z(EndR(U)),
is homomorphism of rings and is a monomorphism wheneverM is also U -torsionless.
Proof. We must establish that σ′, defined in Remark 3.6, is a well-defined ring
homomorphism and further that
Im(σ′) ⊆ Z(EndR(U)).
σ′ is well-defined:
Given two representations of u ∈ U∑
φ′i(m
′
i) = u =
∑
φi(mi),
to show σ′ is well-defined is to show q¯ (
∑
φ′i(m
′
i)−
∑
φi(mi)) = 0. It is enough to
show that for arbitrary φi ∈ HomR(M,U), mi ∈M and q ∈ Z(EndR(M)),∑
φi(mi) = 0 implies
∑
φi(q(mi)) = 0.
Assume
∑
φi(mi) = 0. Take any d ∈ HomR(U,M) and note that dφi ∈ EndR(M)
and so commutes with q. It follows that:
0 = qd
(∑
φi(mi)
)
=
∑
qd (φi(mi))
=
∑
dφi(q(mi))
= d
(∑
φi(q(mi))
)
.
Recall, U is M -torsionless by assumption. Since d (
∑
φi(q(mi))) = 0 for any
d ∈ HomR(U,M), it must be that
∑
φi(q(mi)) = 0.
It is clear that σ′ is an R-module homomorphism.
Further, σ′ is a ring homomorphism:
q1q2
(∑
φi(mi)
)
=
∑
φi(q1q2(mi))
= q¯1
(∑
φi(q2(mi))
)
= q¯1q¯2
(∑
(φi(mi))
)
.
That is, given qi ∈ Q,
σ′(q1q2) = σ
′(q1)σ
′(q2).
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When M is U -torsionless, σ′ is a monomorphism:
Given any nonzero q ∈ Q there exists m ∈ M with q(m) 6= 0. Since M is
U -torsionless, there also exists φ ∈ HomR(M,U) with φ(q(m)) 6= 0. That is,
q¯(φ(m)) 6= 0 implying q¯ 6= 0 and therefore σ′ is a monomorphism.
The image of σ′ is a subset of Z(EndR(U)):
Finally, notice q¯ ∈ Q¯ since for any f ∈ EndR(U) and u ∈ U :
q¯(f(u)) = q¯
(
f
(∑
φi(mi)
))
= q¯
∑
fφi(mi)
:=
∑
fφi(q(mi))
= f
(∑
φi(q(mi))
)
:= f q¯
(∑
φi(mi)
)
= f q¯(u) 
Corollary 3.8. If an R-module M is torsionless and faithful, there is a monomor-
phism of R-algebras
σ′ : Z(EndR(M)) −→ EndR(τM (R)).
Proof. Recall that M generates τM (R).
For each map α ∈ M∗, we have Im(α) ⊆ τM (R). Therefore M torsionless implies
that M is τM (R)-torsionless. Also, M faithful implies
τM (R) ∩ AnnR(M) = 0.
So for all t ∈ τM (R) there exists m ∈M with tm 6= 0. The maps
R −→ R
1 7→ m
restricted to τM (R) demonstrate that τM (R) is M -torsionless.
The desired monomorphism exists by Theorem 3.7. 
Theorem 3.9. Let R be a Noetherian ring. If M is a finitely generated, faithful
and reflexive R-module then the map
σ : EndR(τM (R)) −→ Z(EndR(M)),
in (3.0.2), is an isomorphism of R-algebras.
Proof. By Proposition 3.2, σ : EndR(τM (R)) →֒ Z(EndR(M)) is a monomorphism
of R-algebras; in particular EndR(τM (R)) is commutative. Now by Corollary 3.8
there exists a monomorphism
σ′ : Z(EndR(M)) →֒ Z(EndR(τM (R))) = EndR(τM (R))
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via {f 7→ f ′} where f ′ is defined as follows: for any x ∈ τM (R), there exists
αi ∈M
∗ and mi ∈M with x =
n∑
i=1
αi(mi); set
f ′(x) = f ′
(
n∑
i=1
αi(mi)
)
:=
n∑
i=1
αi(f(mi)).
Notice
f ′ ◦ ϑM
(
n∑
i=1
mi ⊗ αi
)
= f ′
(
n∑
i=1
αi(mi)
)
=
n∑
i=1
αi(f(mi))
= ϑf
(
n∑
i=1
mi ⊗ αi
)
So σ(f ′) = ϑ−1(ϑf ) = f and for a given f ∈ Z(EndR(M)),
σσ′(f) = σ(f ′) = f.
Since both σ and σ′ are ring monomorphisms, they are inverse isomorphisms. 
Remark 3.10. The assumption that M is faithful in Theorem 3.9 ensures that
τM (R)∩AnnR(M) = 0, which allows one to construct σ
′; see Corollary 3.8. When
M is reflexive, by Proposition 2.8 (vii) one has AnnR(M) = AnnR(τM (R)). Thus,
τM (R) ∩AnnR(M) = τM (R) ∩ AnnR(τM (R))
and so this ideal must consist of nilpotent elements. It follows that τM (R) ∩
AnnR(M) = 0 whenever R is reduced. The proof of Theorem 3.9 therefore also
proves following Corollary.
Corollary 3.11. Let R be a reduced Noetherian ring. If M is a finitely generated,
reflexive R-module then the map
σ : EndR(τM (R)) −→ Z(EndR(M)),
in (3.0.2), is an isomorphism of R-algebras. 
The assumptions on M in Theorem 3.9 may also be relaxed given additional as-
sumptions on τM (R); the following lemma, for example, is an extension of Exercise
95 in [7] and is proved, in a noncommutative setting, in [1, Theorem A.2. (g)].
Lemma 3.12. If τM (R) = R, then Z(EndR(M)) ∼= R.
Proof. Since M generates τM (R) = R, there exists an n ∈ N and an R-module
N such that Mn ∼= N ⊕ R. It follows that Mn is faithful and therefore the map
R −→ Z(EndR(M
n)) sending r ∈ R to multiplication by r is an injection. Consider
the endomorphism, π, which projects Mn onto R, that is π(n + r) = r for any
n+ r ∈ N ⊕R. If f ∈ Z(EndR(M
n)), then
f(r) = f ◦ π(n+ r)
= π ◦ f(n+ r) ∈ R.
12 HAYDEE LINDO
It follows that f restricted to R ⊆ Mn is an element of EndR(R) and so is given
by multiplication by some x ∈ R. Now for any m ∈ N , take the endomorphism
γm : N ⊕R −→ N ⊕R such that γm(n+ r) = rm. One gets
f(m) = f ◦ γm(1)
= γm ◦ f(1)
= γm(x)
= xγm(1) = xm
Altogether, every f ∈ Z(EndR(M
n)) is given by multiplication by some element x
in R. That is to say Z(EndR(M
n)) = R. It follows that Z(EndR(M)) ∼= R because
EndR(M) and EndR(M
n) are morita equivalent rings; see [10, Corollary A.2] and
[9, 18.42]. 
Remark 3.13. In general, the converse of Lemma 3.12 need not hold; Example 2.4
shows that EndR(I) = R for all ideals with grade(I) ≥ 2. We use Theorem 3.9 to
prove the converse for reflexive modules over local Noetherian rings of depth less
than or equal to one; see Proposition 5.2.
The following identifications are well-known; see Exercise 4.31 in [11].
Lemma 3.14. Suppose I ⊂ R is an ideal containing a nonzerodivisor x. Then the
map
f −→
f(x)
x
identifies HomR(I, R) and HomR(I, I) with{a
b
∈ Q(R)|
a
b
· I ⊆ R
}
and
{a
b
∈ Q(R)|
a
b
· I ⊆ I
}
,
respectively, and this identification is independent of the choice of x. 
Remark 3.15. Recall τM (R)
∗ = EndR(τM (R)). As a consequence of Lemma 3.14,
EndR(τM (R)) is commutative whenever τM (R) contains a nonzerodivisor. This is
the case, for example, when the R-module M is finitely generated, reflexive and
faithful; see Proposition 2.8 (vii).
When τM (R) has positive grade we henceforth identify EndR(τM (R)) with{a
b
∈ Q(R)|
a
b
τM (R) ⊆ τM (R)
}
.
Definition 3.16. Let M be an R module. We say M is torsionfree provided that
given any nonzerodivisor r ∈ R and m ∈M , if rm = 0 then m = 0.
Corollary 3.17. Let R be a Noetherian ring. If M is a finitely generated, faithful,
reflexive R-module, then
Z(EndR(M)) = EndR(τM (R))
as subsets of Q(R), where equality is understood in the following sense: there
is a bijection between the sets given by σ from Theorem 3.9 and for any a/b ∈
EndR(τM (R)) the endomorphism σ(a/b) is multiplication by a/b. That is, aM ⊆
bM and σ(a/b)(m) = (am)/b ∈M for each m ∈M .
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Proof. By the hypotheses on M and Remark 3.15, we identify EndR(τM (R)) with{a
b
∈ Q(R)|
a
b
τM (R) ⊆ τM (R)
}
.
Theorem 3.9 provides a bijection between EndR(τM (R)) and Z(EndR(M)), so that
a given f ∈ Z(EndR(M)) is σ(a/b) for some unique a/b ∈ EndR(τM (R)).
By definition σ(1) = idM . Therefore,
b
(
σ
(a
b
)
(m)
)
=
(
bσ
(a
b
))
(m)
= aσ(1)(m)
= a(idM (m))
= am.
It follows that am = bn for some n ∈ M . Since b is a nonzerodivisor and M is
torsionfree [3, Exercise 1.4.20 (a)],
b (σ(a/b)(m)− n) = 0
implies σ(a/b)(m) = n = (am)/b. 
When τM (R) has positive grade but M is not necessarily reflexive and faithful (for
example any module over a domain) we shall prove a result similar to Theorem 3.9,
this time relating EndR(τM (R)) to Z(EndR(M
∗)).
Note, for each α ∈M∗, one has Im(α) ⊆ τM (R). Thus there is a natural map of R-
algebras EndR(τM (R)) −→ EndR(M
∗) because M∗ is always a left EndR(τM (R))-
module via the composition:
M
α
−→ τM (R)
h
−→ τM (R) ⊆ R.
In particular the surjection (3.0.1) yields a second commutative diagram
(3.17.1) 0 // HomR(τM (R), R)
=2.8(vi)

ϑ∗
M // HomR(M ⊗R M∗, R)
∼=

EndR(τM (R))
  ρ //❴❴❴❴❴❴ EndR(M∗)
where the isomorphism on the right follows from Hom-Tensor adjointness, so that
an endomorphism g in EndR(M
∗) is the image of ψg in HomR(M ⊗R M
∗, R) such
that
ψg(m⊗ α) = g(α)m.
The induced map ρ sends h ∈ EndR(τM (R)) to composition by h. To illustrate,
recall hϑM = ϑ
∗
M (h) ∈ HomR(M ⊗RM
∗, R) so that for each m in M and α in M∗
there exists some ψg in HomR(M ⊗R M
∗, R) and g in EndR(M
∗) such that
(hα)(m) = h(α(m)) = hϑM (m⊗ α) = ϑ
∗
M (h)(m⊗ α) = ψg(m⊗ α) = g(α)(m).
That is, ρ(h) = g and hα = g(α).
Again we claim this injection, ρ, is an R-algebra isomorphism from EndR(τM (R))
onto the center of EndR(M
∗).
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Remark 3.18. It is easy to show that for a finitely generated R-module M , the R-
dual, M∗, is both torsionfree and torsionless. If τM∗(R) contains a nonzerodivisor,
M∗ is also faithful.
Proposition 3.19. When τM (R) has positive grade, the map ρ in (3.17.1) is a
monomorphism of R-algebras with
Im(ρ) ⊆ Z(EndR(M
∗)).
Proof. Recall the identification from Lemma 3.14. Taking a/b in EndR(τM (R)), a
map α in M∗ and an endomorphism g in EndR(M
∗), we have:
b
(a
b
g(α)− g
(a
b
α
))
= 0.
Since b is a nonzerodivisor and M∗ is torsionfree, we conclude
a
b
· g(α) = g
(a
b
· α
)
.
Recall the injection ρ : EndR(τM (R)) →֒ EndR(M
∗) constructed in (3.17.1) sends
a/b in EndR(τM (R)) to composition by a/b. Since
a
b
g(α) = g
(a
b
α
)
,
for all g ∈ EndR(M
∗) and a/b ∈ EndR(τM (R)), the image of ρ is in the center of
EndR(M
∗).
It is clear that
ρ
(
a
b
·
a′
b′
)
(α) =
a
b
·
a′
b′
(α) = ρ
(a
b
)(a′
b′
α
)
= ρ
(a
b
)
ρ
(
a′
b′
)
(α)
and therefore ρ is a monomorphism of R-algebras. 
Remark 3.20. Let M be an R-module and I ⊆ J ideals. If I contains a nonze-
rodivisor and M is J-torsionless, then M is I-torsionless. That is, all nonzero m
in M have a nonzero image in I under some α ∈ M∗ which depends on m; recall
Definition 3.5. This follows from the fact that for all nonzero m ∈ M there exists
α ∈ HomR(M,J) with α(m) 6= 0 and therefore for any nonzerodivisor x ∈ I, the
product xα(m) 6= 0 with xα ∈ HomR(M, I). We use this observation in the proof
of the following result.
Theorem 3.21. Let R be a Noetherian ring. Suppose M is a finitely generated
R-module such that τM (R) has positive grade. Then the map
ρ : EndR(τM (R)) −→ Z(EndR(M
∗)).
in (3.17.1) is an R-algebra isomorphism.
Proof. Recall, M∗ is τM∗(R)-torsionless, faithful and generates τM (R). Since
τM (R) contains a nonzerodivisor and τM∗(R) ⊇ τM (R), M
∗ is τM (R)-torsionless
and since M∗ is faithful, τM (R) is M -torsionless; see Remarks 3.18, 3.20 and the
proof of Corollary 3.8. By Theorem 3.7 there is an injection
Z(EndR(M
∗)) →֒ EndR(τM (R)).
q 7→ q¯
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By Proposition 3.19, there is another injection
ρ : EndR(τM (R))→֒Z(EndR(M
∗))
which sends a/b ∈ EndR(τM (R)) to composition by a/b.
These maps are inverses. Indeed, given t ∈ τM (R), there exist αi ∈ M
∗ and
ϕi ∈ HomR(M
∗, τM (R)) such that
t =
∑
i
ϕi(αi).
For a/b ∈ EndR(τM (R)),
ρ
(a
b
)
(t) = ρ
(a
b
)(∑
i
ϕi(αi)
)
=
∑
i
ϕi
(
ρ
(a
b
)
αi
)
=
∑
i
ϕi
(a
b
αi
)
=
a
b
(∑
i
ϕi (αi)
)
=
a
b
(t);
the penultimate equality following from τM (R) being torsionfree. That is,
b ·
[
a
b
(∑
i
ϕi (αi)
)
−
∑
i
ϕi
(a
b
αi
)]
= 0
implies
∑
i ϕi (a/b · αi) = a/b · (
∑
i ϕi (αi)). We conclude that ρ (a/b) = a/b, that
is, the composition of the injections is identity. 
Remark 3.22. When M is reflexive and faithful, τM (R) contains a nonzerodivisor
and τM∗(R) = τM (R). By Theorem 3.21
Z(EndR(M
∗∗)) ∼= EndR(τM∗(R)).
In other words,
Z(EndR(M)) ∼= EndR(τM (R)).
This is another proof of Theorem 3.9.
Corollary 3.23. Let R be a Noetherian ring. Suppose M is a finitely generated
R-module such that τM (R) has positive grade. Then
EndR(τM∗(R)) ∼= EndR(τM (R)) ∼= Z(EndR(M
∗))
Proof. Recall τM∗(R) ⊇ τM (R). Since τM (R) contains a nonzerodivisor, the mod-
ule τM∗(R)/ τM (R) is annihilated by that nonzerodivisor and is therefore torsion.
Hence the inclusion τM (R) ⊆ τM∗(R) yields an inclusion
HomR(τM∗(R), R) ⊆ HomR(τM (R), R)
as subsets of Q(R). That is,
EndR(τM∗(R)) ⊆ EndR(τM (R)).
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Note, M∗ is torsionless and faithful, and also generates τM∗(R). Therefore, by
Corollary 3.8 and Remark 3.15 there is an injection
Z(EndR(M
∗)) →֒ Z(EndR(τM∗(R))) = EndR(τM∗(R)).
By Theorem 3.21 there is now a sequence of monomorphisms whose composition is
identity on EndR(τM∗(R)):
EndR(τM∗(R)) ⊆ EndR(τM (R))
ρ
→֒ Z(EndR(M
∗)) →֒ EndR(τM∗(R)). 
Corollary 3.24. Let R be a commutative Noetherian ring. Suppose M is a finitely
generated R-module such that τM (R) has positive grade. Then EndR(τM (R)),
EndR(τM∗(R)) and Z(EndR(M
∗)) may be identified as R-submodules of the total
ring of quotients Q(R), and then one has
Z(EndR(M
∗)) = EndR(τM (R)) = EndR(τM∗(R))
as subsets of Q(R).
Proof. As in Corollary 3.17, this identification is an easy consequence of the defini-
tion of the maps established in Corollary 3.23, and Lemma 3.14. A proof proceeds
like the proof of Corollary 3.17. 
4. Projective Endomorphism Rings
Let R be a commutative ring. In this section and the next we use results from
Section 3 to relate the properties of EndR(M) to those ofM . Below, we concentrate
on when EndR(M) is a free R-module.
The following result is well-known:
Lemma 4.1. Let R be a local Noetherian ring of depth ≤ 1 and I ⊆ R an ideal. If
I∗ = R then I = R.
Proof. Applying HomR(?, R), to 0 −→ I −→ R −→ R/I −→ 0 yields an exact
sequence
0 −→ HomR(R/I,R) −→ HomR(R,R)
i
−→ HomR(I, R) −→ Ext
1
R(R/I,R) −→ 0.
For r ∈ HomR(R,R), the map i(r) ∈ HomR(I, R) is the restriction of multiplication
by r to I. By assumption I∗ = R, hence i is an isomorphism, and
HomR(R/I,R) = 0 = Ext
1
R(R/I,R).
This implies grade I ≥ 2, which is not possible given depth R ≤ 1. We conclude
that R/I = 0, that is, I = R. 
Theorem 4.2. Let R be a local Noetherian ring of depth ≤ 1 and M a finitely
generated reflexive R-module. If EndR(M) has a free summand then so does M .
Therefore, EndR(M) is a free R-module only if M is a free R-module.
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Proof. Since EndR(M) has a free summand, EndR(M) is faithful. Therefore M
is faithful in addition to being reflexive, and hence τM (R) has positive grade by
Proposition 2.8 (v),(vii). Then, as R-submodules of Q(R)
τM (R)
∗ = EndR(τM (R)) by Proposition 2.8(vi)
= EndR(τM⊗RM∗(R)) ∵ τM (R) = τM⊗RM∗(R)
= EndR(τ (M⊗RM∗)∗(R)) by Corollary 3.24
= EndR(τEndR(M)(R)) ∵M is reflexive
= R ∵ τEndR(M)(R) = R.
Since depth R ≤ 1, Lemma 4.1 applies and yields
τM (R) = R,
and hence M has a free summand.
We write M = N ⊕R for some R-module N . If EndR(M) is a free R-module, then
for some n ∈ N
Rn ∼= EndR(M) ∼= HomR(N ⊕R,M) ∼= M ⊕HomR(N,M).
As a direct summand of a free module, M is projective and therefore free. 
Definition 4.3. Let R be a local Noetherian ring. A nonzero R-module M is
called maximal Cohen-Macaulay (MCM) provided the depth of M is equal to the
Krull dimension of R.
Definition 4.4. Let R be a Noetherian local ring. Then R is called Gorenstein
provided ExtiR(k,R) = 0 for some i > dimR, where k is the residue field of R; see
[12, Theorem 18.1].
A Noetherian ring, R, is called Gorenstein provided its localization at every maxi-
mal ideal is a Gorenstein local ring.
The next result is [16, Theorem 3.1].
Corollary 4.5. Let R be a one-dimensional Gorenstein ring and M a finitely
generated R-module. If EndR(M) is projective then the R-module M is projective.
Proof. We may assume R is local and therefore EndR(M) is free. Since
Ass(EndR(M)) = Supp(M) ∩ Ass(M) = Ass(M),
the maximal ideal is not an associated prime of M . It follows that M is MCM
and being MCM over a Gorenstein ring, M is also reflexive; see [16, Corollary 2.3].
Then by Theorem 4.2, M is free. 
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5. Balanced Modules
In this section, let R be a commutative Noetherian ring and let M be a finitely
generated R-module.
Definition 5.1. Let R −→ Z(EndR(M)) be the natural map from R to the center
of EndR(M) where r ∈ R is sent to multiplication by r. The R-module M is
balanced when this map is an isomorphism.
We discuss the implications of balancedness for reflexive modules when R has depth
less than or equal to one. Over rings of arbitrary depth, we establish a type of purity
theorem for balancedness; this property need only be checked at primes of grade
less than or equal to one.
The following proposition approaches a converse to Lemma 3.12. The proof of the
proposition adapts ideas from Vasconcelos [17].
Proposition 5.2. Let R be a local ring of depth ≤ 1 and M a finitely generated
reflexive R-module. Then M is balanced if and only if M has a free summand.
Proof. If M has a free summand, then M is balanced (apply the proof of Lemma
3.12 for n = 0).
Now, suppose that M is balanced. Then M is also faithful since:
AnnR(M) = AnnR(EndR(M))
⊆ AnnR(Z(EndR(M)))
= AnnR(R) = 0.
By Corollary 3.17, EndR(τM (R)) = Z(EndR(M)) = R. That is to say, τM (R)
∗ =
R. By Lemma 4.1 we conclude that τM (R) = R. ThereforeM has a free summand;
see Proposition 2.8 (iii). 
The following is a corollary of Theorem 4.2 and Proposition 5.2.
Corollary 5.3. Let R be a local ring of depth ≤ 1 and M a finitely generated
reflexive R-module. The following are equivalent:
(i) EndR(M) has a free summand;
(ii) M has a free summand;
(iii) M is balanced. 
Definition 5.4. We say a property of an R-module M holds in codimension n if
the Rp-module Mp holds the property for all p ∈ Spec R such that grade p ≤ n.
Given that if M has a free summand then M is balanced (Remark 3.12), the
following proposition extends [17, Proposition 2.1].
Proposition 5.5. Let M be a finitely generated, torsionless and faithful R-module.
If M has a free summand in codimension one, then M is balanced.
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Proof. Trace ideals behave well under localization by Proposition 2.8 (viii). Thus,
by hypothesis, τM (R)p is free for all prime ideals p with depth Rp ≤ 1.
There are injections
(5.5.1) R →֒ Z(EndR(M)) →֒ EndR(τM (R));
the first one holds because M is faithful, the second because M is also torsionless;
see Corollary 3.8. Note, an r ∈ R is sent to multiplication by r under the first map
and the composition.
Set C := EndR(τM (R)) and consider the exact sequence induced by the composi-
tions of injections in (5.5.1):
(5.5.2) 0 −→ R −→ C −→ X −→ 0.
Notice Xp = 0 for all prime ideals p with grade p ≤ 1. Therefore X has a nonzero
annihilator, say I, with grade I ≥ 2. Apply HomR(R/I, ?) to (5.5.2) to get an
exact sequence
0→ HomR(R/I,R)→ HomR(R/I, C)→ HomR(R/I,X)→ Ext
1
R(R/I,R).
First, Ext1R(R/I,R) = 0 by [3, Thm 1.2.5]. Second, as an ideal τM (R) is torsionfree,
hence C is torsionfree. Recall, also, that since I contains a nonzerodivisor, R/I is
torsion. Therefore HomR(R/I, C) = 0. Together, these force HomR(R/I,X) = 0.
However, as I = AnnR(X), this implies X = 0. That is to say, the inclusion
R →֒ EndR(τM (R)) is an equality.
Then (5.5.1) reads:
R →֒ Z(EndR(M)) →֒ R,
and since both the first injection and the composition send r ∈ R to multiplication
by r:
Z(EndR(M)) = R. 
The following is a corollary of Propositions 5.2 and 5.5.
Corollary 5.6. Let M be a finitely generated, reflexive and faithful R-module. The
following are equivalent:
(i) M is balanced in codimension one;
(ii) M is balanced. 
6. One-Dimensional Gorenstein Rings
In this section we apply the results of the previous sections to rigid modules over
Gorenstein rings of dimension one. In what follows, R is a commutative ring.
Definition 6.1. An R-module, M , is called rigid if Ext1R(M,M) = 0.
Remark 6.2. Let R be a one-dimensional Gorenstein local ring. If M is maximal
Cohen-Macaulay then Ext1R(M,M) = 0 implies M ⊗R M
∗ is maximal Cohen-
Macaulay; see [5, Theorem 5.9]. The converse holds when Ext1R(M,M) has finite
length, for example, when M is free on the punctured spectrum.
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Lemma 6.3. Let S be a ring such that R ⊆ S ⊆ Q(R) and suppose M and N are
S-modules. If N is torsionfree as an R-module then HomR(M,N) = HomS(M,N).
If M ⊗R N is torsionfree as an R-module, then M ⊗R N = M ⊗S N . 
Theorem 6.4. Let (R,m) be a one-dimensional Gorenstein local ring and M a
finitely generated, torsionfree and faithful R-module. If M is rigid and Z(EndR(M))
is Gorenstein, then M has a free summand.
Proof. The hypotheses are stable under completion. In particular, M and its m-
adic completion M̂ are reflexive and faithful over R and R̂ respectively. Therefore
by Theorem 3.9 and Proposition 2.8 (viii)
Z(EndR̂(M̂))
∼= EndR̂(τ M̂ (R̂))
∼= EndR(τM (R))⊗R R̂
∼= Z(EndR(M))⊗R R̂
as R-algebras. The module EndR(τM (R)) ⊗R R̂ is the completion of the ring
EndR(τM (R)) with respect to its Jacobson radical. It follows that Z(EndR̂(M̂)) is
Gorenstein; see Definition 4.4.
Thus we may assume that R and Z(EndR(M)) are complete.
We write C for EndR(τM (R)) and note that R ⊆ C is a finite extension and hence
C is a semi-local complete one-dimensional Gorenstein ring. Because C is semi-
local and complete, it decomposes as a product C ∼=
∏n
i=1 Ci where Ci are complete
local Gorenstein rings; see [3, Thm 8.15]. Thus
τM (R) ∼= HomR(HomR(τM (R), R), R)
∼= HomR(C,R)
∼= HomR(
n∏
i=1
Ci, R)
∼=
n∏
i=1
HomR(Ci, R)
∼=
n∏
i=1
Ci
∼= C.
The first isomorphism follows from the reflexivity of τM (R) and HomR(Ci, R) ∼= Ci
by [3, Thm 3.3.7].
Let t = βR(M
∗). Since C ⊆ Q(R), Lemma 6.3 applies and the following R-
homomorphisms are also C-homomorphisms:
M t ։ τM (R)
∼=
−→ C.
This is a surjective map from the C-moduleM t onto C. It follows thatM t ∼= N⊕C
for some C-module N . One has
Ext1R(C,C) ⊆ Ext
1
R(M
t,M t) = 0
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implying C ⊗R HomR(C,R) is torsionfree; see Remark 6.2. Using Lemma 6.3, as
C-modules, and therefore also as R-modules, one has :
C ⊗R C
∗ = C ⊗C C
∗ ∼= C∗.
Note that, βR(C⊗RC
∗) = βR(C)βR(C
∗). The isomorphism C⊗RC
∗ ∼= C∗ implies
that C is a cyclic R-module. Moreover, R ⊆ C and C is R-torsionfree. Therefore
C ∼= R. Since C = τM (R)
∗ and τM (R) is reflexive, one has τM (R) ∼= R and
therefore τM (R) = R by Proposition 2.8 (i) and (iv). It follows, by Proposition 2.8
(iii), that M has a free summand. 
Corollary 6.5. Let R be a d-dimensional local ring that is Gorenstein in codimen-
sion one. Let M be a finitely generated torsionfree faithful R-module. If M is rigid
and Z(EndR(M)) is Gorenstein in codimension one, then M is balanced.
Proof. This is a consequence of Theorem 6.4 and Corollary 5.6. 
Remark 6.6. The ring Z(EndR(M)) being Gorenstein does not, by itself, imply that
M has a free summand. For example, suppose R is a one-dimensional commutative
domain with finitely generated integral closure (for example, R is complete) such
that every ideal of R is two-generated. Then every ring between R and its integral
closure is Gorenstein. In particular, EndR(I) is Gorenstein for each ideal I; see
[2, Section 7], [13].
However, over a one-dimensional Gorenstein local domain with M a torsionfree
module, it is conjectured that rigidity of M (equivalently M ⊗RM
∗ is torsionfree)
is sufficient to ensure M is free:
Conjecture 6.7. (Huneke and Wiegand [6, pgs 473-474]) Let R be a Gorenstein
local domain of dimension one and M a nonzero finitely generated torsionfree R-
module, that is not free. Then M ⊗R M
∗ has a nonzero torsion submodule.
Proposition 6.8. Conjecture 6.7 is true for any ideal isomorphic to a trace ideal.
Proof. It is enough to prove the proposition for trace ideals. We write C for
EndR(τM (R)). If τM (R)⊗R τM (R)
∗
is torsionfree, then
τM (R)⊗R τM (R)
∗
= τM (R)⊗C C ∼= τM (R).
The final map is also an R-isomorphism, implying τM (R)
∗
is cyclic over R. Since
τM (R)
∗
is torsionfree and R is a domain, we have τM (R)
∗ ∼= R. Finally since
τM (R) is reflexive (a nonzero ideal over a one-dimensional Gorenstein ring; see
[2, Theorem 6.2] [16, Theorem A.1]), τM (R) ∼= R. This implies τM (R) = R by
Proposition 2.8 (i) and (iv). 
Question. Over a Noetherian ring of depth one, which ideals are isomorphic to a
trace ideal?
For a local ring (R,m, k) that is not a DVR, certainly the isomorphism classes
containing R and m contain trace ideals: R and m. However, not all isomorphism
classes of ideals do.
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Example 6.9. For a field k, consider the ring
R = k[x, y, z]/(y2 − xz, x2y − z2, x3 − yz) ∼= k[t3, t4, t5].
The ideal (x, y) is not isomorphic to a trace ideal. For, if the isomorphism class of
an ideal I contains a trace ideal, then I ∼= τI(R). However
τ (x,y)(R) = (x, y, z).
To see this, recall that the trace ideal can be calculated from a presentation matrix;
see Remark 2.5. One has:
R3
A=

 −z −y x2
y x −z


// R2
	
"" ""❊
❊❊
❊❊
❊❊
❊❊
α¯ //❴❴❴❴❴❴❴❴ R.
(x, y)
α
<<③
③
③
③
③
Maps α ∈ HomR((x, y), R) induce and are induced by matrices α¯ ∈ HomR(R
2, R)
in the left kernel of A. These are generated by
[
y z
]
,
[
x y
]
, and
[
z x2
]
.
Remark 6.10. We have seen that under the hypotheses of Theorem 6.4, Z(EndR(M))
Gorenstein implies Z(EndR(M)) = R, and this implies M has a free summand.
To prove Conjecture 6.7, it is left to show that for reflexive modules over a one-
dimensional Gorenstein ring, rigidity implies Z(EndR(M)) is Gorenstein, or more
directly, that over a one-dimensional Gorenstein domain, rigid implies balanced.
This investigation naturally leads to the the following question:
Question. Suppose R is a Noetherian ring. What are the necessary and sufficient
conditions for a rigid module to be balanced?
Example 6.11. Let R = k[[x, y]]/(xy) and M = R/(x). Recall a projective
resolution of M over R is
· · ·
x
−→ R
y
−→ R
x
−→ R −→ 0.
Applying HomR(?, R/(x)) yields the complex
0 −→ HomR(R,R/(x))
x
−→ HomR(R,R/(x))
y
−→ HomR(R,R/(x)) −→ · · · .
Since multiplication by y is an injective map on R/(x) one gets
Ext1R(R/(x), R/(x)) = 0.
So M is rigid, but not balanced since HomR(R/(x), R/(x)) ∼= R/(x).
Definition 6.12. Set E := EndR(M). The module EndE(M) is called the double
centralizer of M .
Remark 6.13. There is a natural map
R −→ EndE(M)
given by sending r ∈ R to multiplication by r. Writing I for AnnR(M), this map
induces a monomorphism of rings from R/I into E = EndR(M) = EndR/I(M).
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It follows that the double centralizer, EndE(M) ⊆ EndR/I(M), is precisely the
R/I-endomorphisms of M that commute with all the others. That is
Z(EndR(M)) = Z(EndR/I(M)) = EndE(M).
A module M is said to have the Double Centralizer Property (DCP) when the
natural map R −→ EndE(M) is a surjection. If M is faithful, the map is always
an injection and having the DCP is equivalent to being balanced.
Lemma 6.14. [14, Lemma 2] Let R be a ring (not necessarily commutative) and
MR a right R-module. Assume that there exists the R-exact sequence
0 −→ RR
δ
−→MR
where MR is generated by δ(1) as an E-module. Then the following are equivalent
(1) MR has the Double Centralizer Property
(2) MR/δ(R) →֒
∏
MR 
Remark 6.15. Suppose R is a commutative ring. If {x1, . . . , xn} generate M as an
R-module, there is an injection
0 −→ R
δ
−→Mn
where δ(1) = (x1, . . . , xn). This map fulfills the hypotheses of the lemma; see
[8, Theorems 2.7, 2.8].
Recall, τMn(R) = τM (R). So when M is a reflexive faithful R-module,
Z(EndR(M)) = Z(EndR(M
n)),
and we may replace M by Mn. Given R injects into M and Lemma 6.14, proving
Conjecture 6.7 is equivalent to showing M/δ(R) is torsionfree.
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